We consider Akbarov's holomorphic version of the non-commutative Pontryagin duality for a complex Lie group. We prove, under the assumption that is a Stein group with finitely many components, that (1) the topological Hopf algebra of holomorphic functions on is holomorphically reflexive if and only if is linear; (2) the dual cocommutative topological Hopf algebra of exponential analytic functional on is holomorphically reflexive. We give a counterexample, which shows that the first criterion cannot be extended to the case of infinitely many components. Nevertheless, we conjecture that, in general, the question can be solved in terms of the Banach-algebra linearity of .
Introduction
We consider a holomorphic version of the non-commutative Pontryagin duality and examine conditions for the holomorphic reflexivity for complex Lie groups. The research of holomorphic duality and its extension from abelian to general complex Lie groups (and far -to quantum groups) was initiated by Akbarov [Ak08] . The current article continues the line and gives some positive and negative results. We exhibit a counterexample showing that a claim and more general conjecture made by Akbarov are too optimistic in general. Notwithstanding, the conjecture can be proved for Stein groups with finitely many components. Moreover, a potential necessary and sufficient condition for the general case is formulated.
Holomorphic Pontryagin duality. In [Ak08] , Akbarov made an observation that a holomorphic version of the classical Pontryagin duality makes sense for abelian complex Lie groups. For such a group , one can consider the dual group AE consisting, by definition, of holomorphic characters, i.e., homomorphisms to ¢ , the multiplicative group of complex numbers. Then one has the following isomorphisms, which are analogous to the duality relations for Ê and Ì in the continuous version: AE ´ ¢ µ AE AE ¢ Moreover, it is not hard to prove a reflexivity result: If is a compactly generated abelian Stein group, then the naturally defined holomorphic homomorphism AEAE is a complex Lie group isomorphism [ibid., Theorem 7.2]. Two restrictions accepted here are essential by the following reasons. First, we need sufficiently many holomorphic functions (particularly, characters) on , so we consider only Stein groups and does not This work was supported by the RFBR grant no. 19-01-00447. consider such groups as ´ · µ. Secondly, we assume that is compactly generated to endow AE with a Lie group structure and reject such groups as the countable sum of copies of .
Beginning from above observation Akbarov made a step into the "quantum-group world" with use of topological Hopf algebras. Before formulating his idea, which is basic to our consideration, we briefly discuss an approach proposed by Bonneau, Flato, Gerstenhaber and Pinczon in [BFGP94] .
The BFGP duality schema. Recall that a ª-algebra ( ª-coalgebra, ª-bialgebra, Hopf ª-algebra) is an algebra (coalgebra, bialgebra, Hopf algebra) in the symmetric monoidal category of complete locally convex spaces endowed with the bifunctor´ µ á µ of the complete projective tensor product [Li78, Pi06] . (Since´ µ ª´ µ linearizes jointly continuous bilinear maps, a ª-algebra is just a complete locally convex algebra with jointly continuous multiplication.) In this article, we consider only unital algebras.
In particular, a Hopf ª-algebra is defined as a ª-bialgebra´À Ñ Ù ¡ µ endowed with a continuous linear map Ë that satisfies the main antipode axiom: the diagram
where À is a ª-algebra with respect to the multiplication Ñ and the unit Ù À, and a ª-coalgebra with respect to the comultiplication ¡ and the counit À , commutes.
Following [BFGP94] (cf. [Li78] ) we say that a ª-algebra ( ª-coalgebra, ª-bialgebra, Hopf ª-algebra) is well-behaved if it is either a nuclear Fréchet or (complete) nuclear (DF)-space. Whereas the definition is somewhat artificial, this class is very useful because of good duality properties. Indeed, the strong dual space ¼ of a nuclear Fréchet space is a complete nuclear (DF)-space, and vice versa. In both cases, for a well-behaved , there is a canonical topological isomorphism ¼ ª ¼ ´ ª µ ¼ , which allows to endow ¼ with a structure of a ª-coalgebra ( ª-algebra, ª-bialgebra, Hopf ª-algebra, respectively) that is also well-behaved. Moreover, This direct approach to duality has advantages and sometimes works perfectly (see, e.g., [Pi06] ) but also has drawbacks. For example, the strong dual of Ç´ µ is A´ µ, which is isomorphic to Ç ÜÔ´ AE µ, the algebra of holomorphic functions of exponential type AE , and obviously strictly smaller than Ç´ AE µ. So the strong duality functor is not compatible with the holomorphic version of the Pontryagin duality.
Akbarov's duality schema and its modification. Recall that the Arens-Michael envelope of a ª-algebra is its completion with respect to the topology determined by all possible continuous submultiplicative prenorms ¡ , i.e., satisfying for all ¾ [He93] . Since we assume that has the identity ½, we can assume that ½ ½ by Gelfand's Lemma; see [Da00, Proposition 2.1.9] or [Pa94, Proposition 1.1.9].
The Arens-Michael envelope of a ª-algebra is denoted by . (The notation in [Ak08] is .) Pirkovskii observed that the Arens-Michael envelope is an endofunctor on the category of Hopf ª-algebras that takes value in the subcategory of Arens-Michael Hopf algebras [Pi06, Proposition 6.7].
Definition 1.1. The holomorphic dual of an Arens-Michael, well-behaved Hopf ªalgebra À is the Arens-Michael Hopf ª-algebra
Of course, À AE can be considered for any well-behaved Hopf ª-algebra À but we are interesting in the Arens-Michael case. Our approach is close to that in [Ak08] but it is different in two points. First, Akbarov introduces his duality schema in the category of stereotype Hopf algebras but we work in more narrow context and use strong dual locally spaces instead of stereotype dual spaces -that is sufficient for the cases considered in the current article. Secondly, we are interesting in the duality between Ç´ µ and A ÜÔ´ µ when is a compactly generated complex Lie group. (The space A ÜÔ´ µ is defined as the strong dual space of Ç ÜÔ´ µ; its elements are called exponential analytic functionals.) On the other hand, Akbarov considers the duality between A´ µ and Ç ÜÔ´ µ applying the operations in the reverse order: first the Arens-Michael envelope and next the dual functor in the category of stereotype spaces [Ak08, Section 6.5, p. 549]. Whereas our definition of duality (as well as the definition of reflexivity; see below) is formally different it is the same in essence. But there are several reasons to consider the Arens-Michael Hopf ª-algebras, e.g., Ç´ µ and A ÜÔ´ µ, better than their strong duals.
(1) It is easier to check that a Hopf ª-algebra is Arens-Michael than to check that a Hopf ª-algebra is the strong dual of an Arens-Michael Hopf algebra.
(2) Ç´ µ can be characterized in the spirit of the first Gelfand-Naimark theorem (see my paper [Ar20] ).
(3) There is an analogy with the construction of the Pontryagin duality extended to non-commutative locally compact groups (as well as £ -algebraic quantum groups).
The first step in (1.3), the strong dual functor, is justified by the fact that there is a one-one correspondence between holomorphic representations of a complex Lie group on a Banach space and non-degenerate continuous representations of A´ µ on (see [Li72] which is a dual Banach space to ¼´ µ, is not a £ -algebra but its £ -envelope, which can be obtain as the completion with respect to all the prenorms associated with Hilbertspace £-representations, is traditionally considered as a dual object to ¼´ µ.
(4) When we consider an arbitrary well-behaved Hopf ª-algebra À, the Hopf ªalgebra À AE is always well defined but there is no obvious reason for À to be well-behaved and so for´ Àµ ¼ to be well defined.
The definition of holomorphic reflexivity. Note that À À AE is a contravariant functor from the category of Arens-Michael, well-behaved Hopf ª-algebras to the category of Arens-Michael Hopf ª-algebras. There is no a motive to claim that À AE is always well-behaved. But we want to apply our duality functor twice, and so an additional restriction is necessary. In the definition below, we consider holomorphic duality and reflexivity in the more narrow context of nuclear Fréchet Arens-Michael Hopf ª-algebras (in short, NFAM Hopf algebras) that allows us to use the strong dual spaces as in the BFGP duality schema.
Suppose that À is a NFAM Hopf algebra such that À AE is also nuclear and Fréchet (hence also NFAM). Consider the homomorphism of well-behaved Hopf ª-algebraś À AE µ ¼ À ¼¼ given by the application of the strong dual functor to the Arens-Michael envelope homomorphism À ¼ À AE . Since À ¼¼ À, we can write the universal diagram for the Arens-Michael envelope of´À AE µ ¼ :
By [Pi06, Proposition 6.7], ß À is a Hopf ª-algebra homomorphism.
Definition 1.2. An NFAM Hopf ª-algebra À is said to be holomorphically reflexive if À AE is a nuclear Fréchet space and the Hopf ª-algebra homomorphism ß À À AEAE À which is defined in (1.4), is a topological isomorphism.
When we discuss below Akbarov's results and conjectures on holomorphic duality and reflexivity, we always mean the reformulation in the sense of Definitions 1.1 and 1.2.
The following question is a general challenge for research. Main results. The basic aim of this article is to find conditions for holomorphic reflexivity of Ç´ µ and A ÜÔ´ µ in the case when is a compactly generated complex Lie group. It was proved by Akbarov in [Ak08] that Ç´ µ and A ÜÔ´ µ are holomorphically reflexive when is abelian (see the discussion above), discrete or isomorphic to Ä Ò´ µ for some Ò ¾ AE . Also he claimed that Ç´ µ and A ÜÔ´ µ are holomorphically reflexive for a wide class of Lie groups, compactly generated Stein groups having algebraic component of identity [Ak08, Theorem 6.4], and conjectured that this claim is also true when the component is linear [Ak17, pp. 540-541]. Unluckily, the argument proposed in [Ak08] contains a gap (in the proof of [Ak08, Lemma 6.6]) and also a mistake. The gap was filled in my paper [Ar19] and this allow us to proved the claim and conjecture for connected groups. Moreover, we show in the current article that, under the additional assumption that is a Stein group with finitely many components, Ç´ µ is holomorphically reflexive if and only if is linear (Theorem 4.3) and A ÜÔ´ µ is always holomorphically reflexive (Corollary 4.6). Much of the preparatory work was done for connected groups in [Ar19] and, in this case, it is not hard to deduce the criterion from [Ar19, Theorem 5.12]. But the argument for groups with finitely many components includes some additional results. On the other hand, the assumption of [Ak08, Theorem 6.4], namely, ¼ , the component of identity, is algebraic, does not imply the holomorphic reflexivity in the general case of infinitely many components. Indeed, in the key step of Akbarov's argument (proof of [Ak08, Theorem 6.3]) the following implication is used: if is a compactly generated Stein group and the range of Ç ÜÔ´ ¼ µ Ç´ ¼ µ is dense, so is the range of Ç ÜÔ´ µ Ç´ µ. But this is not the case. To explain the reason we note that, technically, the question of holomorphic reflexivity of Ç´ µ (and, to some extent of The first part of the question is more difficult. In this paper, we repair Akabrov's argument in the case when the group has finitely many components and show that, under this assumption Ç ÜÔ´ µ Ç´ µ, is an Arens-Michael envelope if and only if is linear (Theorem 3.12). The necessity is almost straightforward; cf. [Ar19, Theorem 5.3(C)]. The main complexity is in the sufficiency: although Ç ÜÔ´ µ is dense in Ç´ µ for every linear [Ak08, Theorem 5.9], this fact does imply immediately that the embedding is an Arens-Michael envelope. Fortunately, there is a workaround -we can find a subalgebra in Ç ÜÔ´ µ that has Ç´ µ as an Arens-Michael envelope. Specifically, a linear group admits a structure of affine algebraic variety and we can use the algebra Ê´ µ of all regular functions. The only known way to show that Ê´ µ Ç ÜÔ´ µ is to describe explicitly the structure of the latter algebra. This approach requires some technical work, which is performed in [Ar18, Ar19] for connected groups. We use it in the proof of Corollary 3.10, which refers to [Ar19, Theorem 5.12(B)].
In the case when is compactly generated but the number of components is infinite, the answer for the question can be negative even if the component of identity is algebraic, as one can see from the following example.
Example 1.4. First consider the following subgroup
of the ¿-dimensional complex Heisenberg group and the discrete central subgroup of À given by 
We now prove that the conclusion of Theorem 2.1 holds for a wider class of Lie groups.
Theorem 2.5. If a complex Lie group has finitely many components, then
For a complex manifold Å we denote by Ç´Åµ the locally convex space of holomorphic functions on Å (with the topology of uniform convergence on compact subsets) and by A´Å µ the strong dual space of Ç´Åµ.
Proof. By Corollary 2.2, it suffices to show that Ä Ò ´ µ Ä Ò ´ ¼ µ. We need to prove that for any finite-dimensional holomorphic representation ¼ of ¼ there is a finitedimensional holomorphic representation of such that ´ µ ½ implies ¼´ µ ½ when ¾ ¼ . Since the counit A´ µ is a quotient homomorphism of algebras, is a right A´ µ-module with respect to the multiplication determined by ¡AE (here AE is the delta-function at ). Therefore is a right A´ µ-module morphism and so is a right We denote the strong dual space Ç ÜÔ´ µ by A ÜÔ´ µ. In initial Akbarov's definition A ÜÔ´ µ is considered with another topology, namely, the topology of uniform convergence on totally bounded subsets of Ç ÜÔ´ µ. But the latter space is nuclear [Ak08,
Theorem 5.10], so it has the Heine-Borel property and hence these topologies coincide.
Recall that a Hopf ª-algebra is said to be well-behaved if it is either a nuclear Fréchet or nuclear (DF)-space (see the discussion in Introduction). ¾ . Thus ¡´ µ ¾ Ç ÜÔ´ ¢ µ. £ Since the Hopf ª-algebra Ç ÜÔ´ µ is well-behaved, its strong dual A ÜÔ´ µ is also a well-behaved Hopf ª-algebra with dual operations (the multiplication corresponds to the comultiplication, the unit to the counit and vice versa, the antipode corresponds to the antipode) [BFGP94, Proposition 1.3]. Restricted to the group Hopf algebra , which is dense in A ÜÔ´ µ, the operations has the form given in (1.2) (we identify elements of with delta-functions).
The following result from [Ak08] brings out the importance of A ÜÔ´ µ and Ç ÜÔ´ µ in our considerations.
Theorem 3.2. [Ak08, Theorem 6.2] If is a compactly generated complex Lie group, then the natural homomorphism A´ µ A ÜÔ´ µ is an Arens-Michael envelope.
Summarizing the above we have the following result. Any holomorphic homomorphism ³ À of compactly generated complex Lie group induces the Hopf ª-algebra homomorphism ³ Ç ÜÔ´À µ Ç ÜÔ´ µ given by ³´ µ℄´ µ ´³´ µµ. Moreover, the strong dual map ³ ¼ A ÜÔ´ µ A ÜÔ´À µ is also a Hopf ª-algebra homomorphism.
The following result motivates us to consider Ä Ò ´ µ instead of Ä Ò ´ µ when is not connected.
Theorem 3.4. Let be a compactly generated complex Lie group and let ¼ Ä Ò ´ µ be the quotient homomorphism. Then 
Note that ½ is the restriction map, i.e., ½´ µ ½ . Hence, since the range of ½ is dense, so is the range of . Further, since ½ is linear, [Ak08, Theorem 5.9] implies that the range of Ç ÜÔ´ ½ µ Ç´ ½ µ is dense; so is the range of Ç ÜÔ´ ½ µ Ë Ç´ ½ µ Ë .
Finally, note that any ¾ Ç´ µ can be approximated by È ¾Ë for some finite subset Ë of ½ . Thus the range of is dense.
£ Proposition 3.9. Let be a compactly generated complex Lie group and ½ a normal complex Lie subgroup containing the component of identity. Suppose that the range of Ç ÜÔ´ µ Ç´ µ is dense. If the natural embedding Ç ÜÔ´ ½ µ Ç´ ½ µ is an Arens-Michael envelope, then so is Ç ÜÔ´ µ Ç´ µ.
Proof. (The following argument is contained implicitly in [Ak08] .) We use the notation from the proof of Proposition 3.8. It is sufficient to show that, for a Banach algebra with a submultiplicative norm ¡ , any continuous homomorphism ³ Ç ÜÔ´ µ factors uniquely on Ç ÜÔ´ µ Ç´ µ. £ We use the following notation. For positive functions ½ and ¾ on a set , we write ½ º ¾ if there are > 0 such that ½´Ü µ ¾´Ü µ · for every Ü ¾ .
Theorem 3.11. Let be a complex Lie group with finitely many components. If is linear, then the embedding Ç ÜÔ´ µ Ç´ µ is an Arens-Michael envelope.
Proof. Since is linear, so is ¼ . By Corollary 3.10, it is sufficient to show that the restriction map ¼ Ç ÜÔ´ µ Ç ÜÔ´ ¼ µ has dense range. In fact, ¼ is surjective. Indeed, denote by ´ µ the extension of ¾ Ç´ ¼ µ such that ´ µ´ µ ¼ when ¾ ¼ . Since
Any cocompact closed subgroup of a compactly generated locally compact group is undistorted [Va99, Lemma 1], that is, ¼ º for any word length functions ¼ and on ¼ and , respectively. Therefore we have from (3.1) that ´ µ ¾ Ç ÜÔ´ µ for any ¾ Ç ÜÔ´ ¼ µ. Note that ¼ is the identity map on Ç ÜÔ´ ¼ µ, so ¼ is surjective. £ For a complex Lie group , we consider the quotient homomorphism Ä Ò ´ µ and also the natural embeddings Ç ÜÔ´ µ Ç´ µ and Ç ÜÔ´ Ä Ò ´ µµ Ç´ Ä Ò ´ µµ.
Recall that a Stein group is a complex Lie group such that its underlying complex manifold is a Stein manifold. The following result extends [Ar19, Theorem 5.12] from the connected case to the case of finitely many components.
Theorem 3.12. If is a complex Lie group with finitely many components, then (A) ½ Ç ÜÔ´ µ Ç´ Ä Ò ´ µµ is an Arens-Michael envelope;
is linear if and only if it is a Stein group and Ç ÜÔ´ µ Ç´ µ is an Arens-Michael envelope.
Proof. The structure of the argument is the same as in [Ar19, Theorem 5.12]. First, we prove the necessity in Part (B), next Part (A), and, finally, the sufficiency in Part (B).
(1) If is linear, then so is ¼ . Since any connected linear group is biholomorphically equivalent to an affine algebraic complex variety, we have that ¼ is a Stein group, then so is . On the other hand, Theorem 3.11 implies that is an Arens-Michael envelope. Thus the condition in Part (B) is necessary.
(2) Write Ä Ä Ò ´ µ. It is obvious that Ä is linear and have finitely many components. By Theorem 2.5, we have Ä Ä Ò ´ µ. Since any Lie group with finitely many components is compactly generated, Theorem 3.4(B) implies that is a topological isomorphism. The above argument shows that is an Arens-Michael envelope, so is ½ . Part (A) is proved.
(3) Suppose that is a Stein group and is an Arens-Michael envelope. Since, by Part (A), so is ½ , the universal property of the Arens-Michael enveloping functor implies that Ç´ Äµ Ç´ µ is a topological isomorphism of Stein algebras. By
Forster's Duality Theorem [Fo67] , the quotient map Ä is a biholomorphic equivalence, therefore Ä is trivial. The proof of the sufficiency in Part (B) is completed. £ So we obtain not only a description of the Arens-Michael envelope of Ç ÜÔ´ µ in our partial case but also a criterion of linearity.
Holomorphic reflexivity
In this section the main results, two theorems on holomorphic reflexivity, are proved. First, we consider a compactly generated Stein group with the corresponding (commutative nuclear Fréchet Arens-Michael) Hopf ª-algebra Ç´ µ and establish necessary conditions for holomorphic reflexivity. We denote , as usual, the component of identity by ¼ .
Proposition 4.1. Let be a compactly generated Stein group. If Ç´ µ is holomorphically reflexive, then Ä Ò ´ µ and Ä Ò ´ ¼ µ are trivial.
We need the following simple lemma.
Lemma 4.2. Let be a Stein group such that Ç ÜÔ´ µ is dense in Ç´ µ. If À is a closed subgroup such that each function in Ç ÜÔ´ µ is constant on À, then À ½ .
Proof. Since Ç ÜÔ´ µ is dense in Ç´ µ, each function in Ç´ µ is constant on À. Being a Stein manifold is holomorphically separable, hence À ½ . £ Proof of Proposition 4.1. Since Ç´ µ is holomorphically reflexive, it follows from Proposition 3.6 that the embedding Ç ÜÔ´ µ Ç´ µ is an Arens-Michael envelope; in particular, it has dense range. On the other hand, by Theorem 3.4(C), each function in
Let be a Stein group with finitely many components. The following conditions are equivalent.
(i) Ç´ µ is holomorphically reflexive;
Proof. Since is compactly generated, the implications´ µ µ´ µ and´ µ µ´ µ is true under the assumption that has finitely many components. But the converse does not hold in general. For example, for a compact torus Ì , we have Ç´Ìµ , so Ç´Ìµ is holomorphically reflexive. But it is obvious that Ì is not linear.
(C) Example 1.4 shows that´ µ does not imply´ µ when
In the case of finitely many components we prove the holomorphic reflexivity of the (cocommutative nuclear Fréchet Arens-Michael) Hopf ª-algebra A ÜÔ´ µ without the assumption that is a linear group. First, we establish a more general result. £ It is possible that the finiteness assumption on the set of components can be removed (Conjecture 1.6).
Examples
In this section we consider examples of compactly generated complex Lie groups with infinitely many components. First, we make some additional work to show that the group considered in Example 1.4 gives a counterexample to Akbarov's conjecture: the component of identity of is linear but Ç´ µ is not holomorphically reflexive.
Secondly, we exhibit a family of examples of with infinitely many components such that Ç´ µ is holomorphically reflexive.
Recall that a closed subgroup À in a compactly generated locally compact group is said to be distorted if À º for any word length functions À and on À and , respectively.
Proposition 5.1. Let be a compactly generated complex Lie group. If À is a distorted closed subgroup in and À is isomorphic to ¢ , then each function from Ç ÜÔ´ µ is constant on À. it is of strictly quadratic distortion). By Proposition 5.1, each holomorphic function of exponential type on is constant on ¼ .
Suppose to the contrary that Ç´ µ is holomorphically reflexive. Since is compactly generated, then, by Proposition 3.6, the embedding Ç ÜÔ´ µ Ç´ µ is an Arens-Michael envelope. In particular, Ç ÜÔ´ µ is dense in Ç´ µ. Lemma 4.2 implies that ¼ is trivial and we get a contradiction.
Since each function from Ç ÜÔ´ µ is constant on ¼ , it follows from Corollary 3.5 that ¼ Ä Ò ´ µ. So, by Lemma 2.3, ¼ Ä Ò ´ µ. Part (2) of Theorem 3.4 implies that Ç ÜÔ´ µ Ç ÜÔ´ µ, where ¼ . Since is discrete and finitely generated, Ç ÜÔ´ µ Ç´ µ by Proposition 3.7 and so Ç´ µ is holomorphically reflexive. Finally, Theorem 4.5 implies that A ÜÔ´ µ is holomorphically reflexive. £ Proposition 5.3. Suppose that a complex Lie group is a semidirect product AE Ó À, where À is a compactly generated closed subgroup and AE is a closed normal subgroup that is simply connected and nilpotent. Let be a word length function on , let n denote the Lie algebra of AE, and let ÜÔ be the exponential map on n. Given a norm ¡ on n, there are ¼ such that ÐÓ ´½ · µ º ´ ÜÔ µ for ¾ n.
Proof. Let Ã be a compact generating subset of À. Then Ë ÜÔ ½ ¢ Ã is compact and generates . We can assume that is the word length function associated with Ë.
Denote by « the action of ¾ À on AE and by L´« µ the corresponding automorphism of n. Since Ã is compact, there is ¼ such that L´« µ for all ¾ Ã.
We assume that ½ for technical reasons. Denote by AE a word length function on AE. It is a standard result of the geometric theory of nilpotent Lie groups (see, e.g., [Ar18, Theorem 3.1]) that there are ¼ ¼ ½ such that ¼´½ · AE´ ÜÔ µµ ¼ and AE´ ÜÔ µ ´½ · µ (5.4)
for every ¾ n. The first inequality and ¼ ½ imply that ÐÓ ´½ · ÜÔ ½´Ò µ µ º ÐÓ AE´Ò µ for Ò ¾ AE Ò ½ . So it suffices to show that ÐÓ AE´Ò µ º ´Òµ.
Since AE is simply connected and nilpotent, the exponential map is bijective. Since the exponential map is natural, we have ÜÔ ½ AE « AE ÜÔ´ µ L´« µ´ µ for each ¾ n and ¾ À. AE Ó is a compactly generated complex Lie group and AE is the component of identity. When is infinite has infinitely many components.
We claim that Ç´ µ is holomorphically reflexive. Indeed, by Corollary 3.10, it suffices to show that the homomorphism ¼ Ç ÜÔ´ µ Ç ÜÔ´AE µ induced by the embedding AE has dense range. Denote n by the Lie algebra of AE. Since AE is simply connected and nilpotent, the exponential map ÜÔ n AE is a biholomorphic equivalence. Let ´ µ denote the extension of ¾ Ç´AEµ such that ´ µ´ µ ¼ when ¾ AE. If ¡ is a norm on n, then for any polynomial Ô on n there is ¼ and ¾ · such that Ô´ µ ´½ · µ , and Proposition 5.3 implies that ´Ô AE ÜÔ ½ µ ¾ Ç ÜÔ´ µ.
The algebra of holomorphic functions of exponential type on a simply connected nilpotent complex Lie group is described explicitly in [Ar19, Theorem 5.7]. It follows from this description that the set of functions of the form Ô AE ÜÔ ½ , where Ô is a polynomial on n, is contained and dense in Ç ÜÔ´AE µ. Then the equality ¼ ´ÔAE ÜÔ ½ µ Ô AE ÜÔ ½ implies that ¼ has dense range.
